Abstract. In this paper, we first collect some basic results for λ-flat bundles, and then get an estimate for the norm of λ-flat sections, which leads to some vanishing theorem. Mochizuki correspondence provides a homeomorphism between the moduli space of (poly-)stable λ-flat bundles and that of (poly-)stable Higgs bundles, and provides a dynamical system on the later moduli space (the Dolbeault moduli space). We investigate such dynamical system, in particular, we discuss the corresponding first variation and asymptotic behaviour. Finally, we generalize the Deligne's twistor construction by any element of the outer automorphism group of the fundamental group of Riemann surface to obtain a new twistor space, and we apply the twistor theory to study a Lagrangian submanifold of the de Rham moduli space. Meanwhile, we show that the Deligne-Hitchin twistor space is a Moishezon twistor space in the sense of Verbitsky, which generalizes the result of rank 1 case. We also obtain a Torelli-type theorem for the new twistor space.
Introduction
The notion of flat λ-connection as the interpolation of usual flat connection and Higgs field was suggested by Deligne [7] and illustrated by Simpson in [25] and further studied in [26, 27] . We recall the definition. Definition 1.1. ( [25, 17] ) Let X be a complex projective variety and E be a holomorphic vector bundle over X, with the underlying smooth vector bundle denoted by E. Assume λ ∈ C.
(1) A holomorphic λ-connection on E is a C-linear map D λ : E → E ⊗ Ω 1 X that satisfies the following λ-twisted Leibniz rule:
where f and s are holomorphic sections of O X and E, respectively. It naturally extends to a map
for any integer p ≥ 0. If D λ • D λ = 0, we call D λ a (holomorphic) flat λ-connection and E is a (holomorphic) λ-flat bundle.
(2) A C ∞ λ-connection on E is a C-linear map D λ : E → E ⊗ T * X that satisfies the following λ-twisted Leibniz rule:
where f is a smooth function on X and s is a smooth section of E. It naturally extends to a map D λ : E ⊗ Λ r (T * X) → E ⊗ Λ r+1 (T * X) for any integer r ≥ 0. If D λ • D λ = 0, we call D λ a (C ∞ ) flat λ-connection, and E a (C ∞ ) λ-flat bundle.
Obviously, when λ = 1, 0, the above definition reduces to that of usual flat connection and Higgs filed, respectively. Giving a holomorphic flat λ-connection D λ on E is equivalent to giving a C ∞ flat λ-connection D λ on E. For simplicity, we do not distinguish E and E when there is no ambiguity. And for a λ-flat bundle, we have various notations such as (E, D λ ), ((E, d ′′ E ), D λ ), (E, D λ ) depending on the different contexts.
By applying Simpson's construction for the moduli space of Λ-modules [23] , one can show the existence of the coarse moduli space of semistable λ-flat bundles of rank r over X with vanishing Chern classes, which is denoted by M Hod (X, r). And this construction can be generalized to the case of principal bundles by applying the Tannakian considerations [25] . It is clear that M Hod (X, r) has a fibration over C, in particular, the fiber over 1 is the usual Dolbeault moduli space M Dol (X, r), and over 0 is the usual de Rham moduli space M dR (X, r). Deligne's motivation is to understand Hitchin's twistor construction for the moduli space of solutions of Hitchin equation which carries a hyperKähler structure [10] . More precisely, according to Deligne's perspective, Hitchin's twistor space is treated as the gluing of the moduli space M Hod (X, r) and the complex conjugate moduli space M Hod (X, r) by the Riemann-Hilbert correspondence. Simpson interpreted the moduli space M Hod (X, r) as the Hodge filtration on the non-abelian de Rham cohomology M dR (X, r), and showed Griffiths transversality and regularity of the Gauss-Manin connection for this filtration [25] .
Non-abelian Hodge theory indicates a homeomorphism M Dol (X, r) ≃ M dR (X, r), which is C ∞ on the smooth points [23] . This homeomorphism is achieved by the pluri-harmonic metric construction, that is, by constructing the category of harmonic bundles in order to connect the Dolbeault side and the de Rham side. Such metric exists for semi-simple flat bundles by Corlette's work [6] , and for polystable Higgs bundles due to Hitchin [9] and Simpson [20] . T. Mochizuki introduced the notion of pluri-harmonic metric for the λ-flat bundle, and proved Kobayashi-Hitchin-type theorem for this case, that is the existence of certain good metric on the λ-flat bundle satisfying certain stability condition [17] . In this paper, we will call his theorem Mochizuki correspondence. By this correspondence, one can relate the category (moduli stack, moduli space) of polystable λ-flat bundles and that of polystable Higgs bundles. Although when λ = 0, the functor of rescaling λ-flat bundles to usual flat bundles by multiplying λ −1 also provides such relation after combining the Corlette-Simpson correspondence together, in our opinion, Mochizuki correspondence exhibits more natural interpolation between λ = 1 and λ = 0, for example, for a given polystable λ 0 -flat bundle, we have a family of polystable λ-flat bundles (varying λ) such that they correspond to the same Higgs bundle (i.e. preferred section of Deligne-Hitchin twistor space) whenever λ 0 ∈ C.
The aim of this paper is to understand Simpson's series studies on Deligne's flat λ-connection [25, 26, 27] , and Mochizuki's work mentioned above. This paper is organized as follows. In the next section, we first collect some basic results for flat λ-connection, and then show an inequality for the norm of λ-flat section, which leads to some vanishing theorem. Section 3 and Section 4 can be treated as the applications of Mochizuki correspondence. More specifically, Mochizuki correspondence provides a homeomorphism between the moduli space of (poly-)stable λ-flat bundles and that of (poly-)stable Higgs bundles, and provides a dynamical system on the later moduli space (the Dolbeault moduli space). We investigate such dynamical system, in particular, we discuss the corresponding first variation and asymptotic behaviour. Finally, we generalize the Deligne's twistor construction by any element of the outer automorphism group of the fundamental group of Riemann surface to obtain a new twistor space, and we apply the twistor theory to study a Lagrangian submanifold of the de Rham moduli space. Meanwhile, we show that the DeligneHitchin twistor space is a Moishezon twistor space in the sense of Verbitsky, which generalizes the result of rank 1 case. We also obtain a Torelli-type theorem for the new twistor space.
Flat λ-Connection and Mochizuki Correspondence
2.1. Preliminaries. We consider λ-connections in the C ∞ -category. Assume λ = 0, and let (E, D λ ) be a λ-flat bundle, and h be a hermitian metric on E. We decompose D λ into its (1,0)-
We introduce the following four operators
Now ∂ h and∂ h obey the usual Leibniz rule, and θ h ∈ C ∞ (X, End(E)⊗Ω
is a unitary connection with respect to the metric h, and θ † h is the adjoint of θ h in the sense that h(θ h (u), v) = h(u, θ † h (v)). Proposition 2.1 (Kähler identities of flat λ-connection [17] ). Let X be a compact Kähler manifold with a Kähler form ω, then we have
where D λ h ⋆ = δ ′ h − δ ′′ h , and Λ ω stands for the contraction by ω. Definition 2.2. ( [17] ) Let h be a hermitian metric on a λ-flat bundle (E, D λ ), we call h a pluriharmonic metric if (∂ h + θ h ) 2 = 0, that is, ((E,∂ h ), θ h ) defines a Higgs bundle. A λ-flat bundle with a pluri-harmonic metric is called a harmonic λ-bundle.
Proposition 2.3 ([17]
). Assuming λ = 0, the following five conditions are equivalent
2.2. Estimates and Examples. In this subsection, we generalize some standard results for the usual flat bundle to the case of λ-flat bundle (λ = 0). Theorem 2.4. Assume λ = 0. Let X be a Riemann surface with Kähler form ω, and let (E, D λ ) be a flat λ-bundle over X with a Hermitian metric h, then for any local D λ -flat section s of E, we have
where ∆ ω denote the usual Laplacian on (X, ω).
Proof. Let s be a local D λ -flat section, namely we have
which gives rise to
Therefore, we obtain λ∂∂ log(|s|
where we have used
Meanwhile, we also calculate
. Combining all the above equalities yields
where the last line is derived by Cauchy-Schwarz inequality.
Definition 2.5. Let = {z : 0 < |z| ≤ 1} be the unit disk, and * = {z : 0 < |z| < 1} be the punctured unit disk, and (E, D λ ) be a λ-flat bundle over * . The λ-connection D λ is called regular if for some trivialization of E it can be written as
where N (z) is a matrix of holomorphic functions on .
Proposition 2.6. Assume λ = 0. Let (E, D λ ) be a bundle over * with regular λ-connection D λ , and s(z) be a λ-flat section defined in some punctured neighbourhood of origin. Then s(z) can be extended meromorphically to origin.
z dz under some trivialization of E, then for any ǫ ∈ (0, 1), one defines
where || • || denotes the standard norm for matrix and vector. Pick up a point z 0 with |z 0 | = ǫ in the sector where s(z) is defined, and define f (r) = ||s(rz 0 )|| 2 for 0 < r ≤ 1. Since s(z) is a λ-flat section, i.e.
λz , we have
Assume f (r) is not zero identically and f (r 0 ) = 0 for some r 0 ∈ (0, 1], then we write f (r) = (r − r 0 ) n g(r) for some positive integer n and some analytic function g(r) with g(r 0 ) = 0, however, the above inequality implies
thus g(r 0 ) = 0. Therefore, we can assume f (r) is zero identically or positive over (0, 1]. When f (r) is positive, we have
|λ| , which yields the estimate
for |z| ≤ ǫ. The conclusion follows.
Example 2.7. Let E be a Hermitian vector bundle over * of rank 2 with the local unitary frame {v 1 , v 2 }. In [16] , the authors introduced the so-called "fiducial solution" of Hitchin equation expressed in terms of the frame {v 1 , v 2 } as follows
that solves the decoupled Hitchin equations
where F A denotes the curvature of A. Let µ ∈ C * be a constant, then we have a λ-flat connection
should satisfy the following equations
Let z → 0 in equations (2.1), we have
hence we can assume that
with lim z→0 u = lim z→0 v = 1. Then u(z,z) and v(z,z) should satisfy the following equations
, ∂v
.
Therefore, we can write
Introducing new variable X = 
which can be solved easily
where C 1 and C 2 are two constants. Consequently, any local D λ µ -flat section s is the C-linear combination of the following two sections
One easily checks that ∆ log(|s| 2 h ) = 0. (1) Let X be a complex projective variety with a fixed ample line bundle L.
where
rank(•) denotes the slope of bundle with respect to L. It is µ L -polystable if it decomposes as a direct sum of µ L -stable λ-flat bundles with the same slope. (2) Let X be an n-dimensional Kähler manifold with a Kähler form ω. A λ-flat bundle (E, D λ , h) over X is called analytically stable (resp. analytically semistable) if for any λ-flat subbundle (V, D λ | V ) of 0 < rank(V ) < rank(E), we have the following inequality
It is analytically polystable if it decomposes as an orthogonal direct sum of analytically stable λ-flat bundles with the same quantity X Tr(G)ω n−1 .
T. Mochizuki proved the following wonderful theorem. (1) Let X be a complex projective variety with a fixed ample line bundle
polystable with trivial characteristic numbers if and only if there is a pluri-harmonic metric
Then there exists a Hermitian metric h satisfying the Hermitian-Einstein condition
which is orthogonal with respect to both of h i (i = 1, 2), • the restrictions h i,a of h i to E a satisfy h 1,a = c a h 2,a for positive constants c a .
Remark 2.10. This correspondence still holds for the case of projective variety with a simple normal crossing divisor by imposing a compatibility condition of pluri-harmonic metric with parabolic structure on λ-flat bundle (for details see [17] ).
As a direct application of Mochizuki's theorem, we have the following correspondence unifying the usual Corlette-Simpson correspondence [20, 22] and Riemann-Hilbert correspondence. [17] ). Let X be an n-dimensional complex projective variety. Then for any λ ∈ C, there is an equivalence between the category of µ L -polystable λ-flat bundles with trivial characteristic numbers and the category of semi-simple representations of the fundamental group π 1 (X). This equivalence preserves tensor products, direct sums and duals.
Proof. For the case of λ = 0, we have the usual Simpson correspondence. So we assume λ = 0. Let (E, D λ ) be a µ L -polystable λ-flat bundle (with trivial characteristic numbers), then there is a pluri-harmonic metric h on E. Therefore, we get
) is a harmonic Higgs bundle associated with a semi-simple representation ρ : π 1 (X) → GL(n, C) by Hitchin-Simpson correspondence.
Conversely, if we have a semi-simple representation ρ : π 1 (X) → GL(n, C), then we have a Higgs bundle ((E,∂ E ), θ, h) with the pluri-harmonic metric h, which gives rise to a flat λ-connection
h , where ∂ E,h is a (1,0)-type operator such that ∂ E,h +∂ E is a unitary connection with respect to h, and θ † h is the adjoint of θ with respect to h. Clearly, h is also a pluri-harmonic metric for the λ-flat bundle (E, D λ ), hence it is polystable with trivial characteristic numbers.
Since pluri-harmonic metrics preserve tensor products, direct sums and duals, the equivalence described as above also preserves them.
Corollary 2.12. If X is compact Riemann surface and (E, D λ ) is a stable flat λ-bundle with vanishing characteristic numbers, then there is no non-trivial global D λ -flat section of E.
Proof. When λ = 0, the claim follows from Theorem 3.1 in [4] . Assume λ = 0. Let h be the pluriharmonic on is the stable flat λ-bundle on (E, D λ ), and s be the non-trivial global D λ -flat section, then the function log(|s| 2 h ) is sub-harmonic by Proposition 2.4. If X is compact, |s| 2 h is a nonzero constant, hence the section s generates a trivial line subbundle of (E, D λ ), which contradicts with the stability of (E, D λ ).
Example 2.13. (continue after Example 2.7) Let λ ′ = tλ. We want to find the pluri-harmonic
Denote the matrix form of h t in terms of the frame
It can be resolved as follows
for constants C 1 , C 2 and C 3 .
Remark 2.14. This example exhibits the non-uniqueness of pluri-harmonic metrics on the λ-falt bundle over a non-complete manifold.
Moduli Spaces
Let X be a complex projective variety. Denoted by M λ Hod (X, r) the space of isomorphism classes of stable λ-flat bundles of rank r over X with vanishing Chern classes, as the fine moduli space of stable λ-flat bundles. In particular, M 1 Hod (X, r) = M dR (X, r) and M 0 Hod (X, r) = M Dol (X, r). The above moduli spaces are all smooth quasi-projective algebraic varieties. And the space of isomorphism classes of polystable λ-flat bundles of rank r over X with vanishing Chern classes, as the coarse moduli space of semistable λ-flat bundles, is denoted by M λ Hod (X, r), which is a quasi-projective variety that contains M λ Hod (X, r) as an open (dense) subset. Picking up a base point x ∈ X, we have the representation space R λ Hod (X, x, r), which is the fine moduli space of polystable λ-flat bundles provided with a frame for the fiber over x, in particular,
Hod (X, x, r)//GL(r, C) as the universal categorical quotient. We can also consider the subset R λ Hod (X, x, r) ⊂ R λ Hod (X, x, r) that consists of those points which admits a pluri-harmonic metric compatible with the frame at x. This condition fixes the metric uniquely [27] . The group U (r) acts on R λ Hod (X, x, r), and M λ Hod (X, r) = R λ Hod (X, x, r)/U (r) as the topological quotient. Proposition 3.1. Assume X is a compact Riemann surface of genus g ≥ 2, and assume r ≥ 2.
Hitchin and Simpson calculated the dimension of moduli space [9, 22, 23] 
The proof of the following theorem is after Simpson (Lemma 7.13 in [24] , Lemma 8.1 in [27] ) essentially.
Proof. The cases of λ = 0, 1 have been proved by Simpson (Corollary 7.12 and Corollary 7.15 in [24] ). For the case of λ = 0, 1, we consider a sequence {((
Hod (X, r), where β i is a frame on E ix , and let h i be the unique pluriharmonic metric on ((
. It suffices to show that the characteristic polynomials of the corresponding Higgs fields {θ h i } are uniformly bounded in C 0 -norm. By the map
Hod (X, r) is analytically isomorphic to M B (X, r), the coarse moduli space of representations of the fundamental group π 1 (X, x) into GL(r, C). Let ρ i be the monodromy representation corresponding to ((
} has a limit point ρ ♦ , then |ρ ♦ (γ)| = C 1 . We can also assume the sequence {t i } has the limit point
t∞ (γ) due to the separatedness of moduli space, whose norm has a bound C 2 . If one picks up C 1 > C 2 , we will get a contradiction, which lead to the uniform boundness of {|ρ i (γ)|}. Consequently, by Corollary 6 in [21] , the L 2 -norms {||θ h i || L 2 } are uniformly bounded. Since the maximum norm of an eigenvalue of a holomorphic matrix is a subharmonic function, the eigenforms of θ h i are uniformly bounded in C 0 . So far, we prove the claim on the characteristic polynomial of Higgs fields {θ h i }. Therefore, Lemma 2.8 in [22] or Proposition 7.9 in [24] implies that there is a harmonic bundle ((E,∂), θ, h, β), a subsequence {i ′ } and C ∞ -automorphisms 
Proof. A key step is complete in the proof of the above proposition, the remaining argument is totally parallel to Theorem 7.18 in [24] .
Dynamical System on Dolbeault Moduli Space via Mochizuki Correspondence
4.1. Self-maps on Dolbeault Moduli Space. For any t ∈ C * , the C * -action on M Dol (X, r) is a map:
Due to Mochizuki correspondence, we can construct a new action on M Dol (X, r) as follows. Fixing some (λ, t) ∈ C × C * , for any stable Higgs bundle ((E,∂ E ), θ) ∈ M Dol (X, r) with pluri-harmonic metric h, we have a stable λ-flat bundle ((E,
Hod (X, r) for λ ′ = tλ, the later one admits a pluri-harmonic metric h t , which gives rise to a stable Higgs bundle ((E,∂ E,ht ), θ ht ) ∈ M Dol (X, r) by Mochizuki's theorem. We conclude the above process in the following:
As a summary, Mochizuki correspondence provides a two-parameter dynamical system (i.e. the smooth self-map (λ, t)) on the Dolbeault moduli space M Dol (X, r):
and we also call it the (λ, t)-action. From the viewpoint of twistor theory (cf. the next section), to describe the image u ′ 0 of a given point u 0 = ((E,∂ E ), θ) under m (λ,t) , in Deligne-Hitchin twistor space, we first walk along the preferred section given by u 0 until the point u λ lying the fiber at λ, then we walk along the de Rham section determined by u λ until the point u tλ lying the fiber at tλ, finally we walk along the new preferred section determined by u tλ and get to the point lying the fiber at 0, this is exactly u ′ 0 . Clearly, m (λ,t) can also be defined on M Dol (X, r) as a continuous self-map. 
(1) m (0,t) is the usual C * -action by t on M Dol (X, r), and m (λ,1) is the identity morphism,
The stable vector bundle (with zero Higgs field) with vanishing Chern classes is the fixed point of m (λ,t) for any λ ∈ C, t ∈ C * . (4) If |t| = 1, the complex variation of Hodge structure is the fixed point of m (λ,t) . (5) Assume λ = 0, |t| = 1. Let ((E,∂ E ), θ) ∈ M Dol (X, r) be a decoupled Higgs bundle with non-trivial Higgs field. Then ((E,∂ E ), θ) cannot be the fixed point of m (λ,t) .
Proof. The first three facts are very obvious, we only prove the last two claims.
(4) Assume λ = 0. Let (E, D λ , h) be a stable λ-flat bundle with the pluri-harmonic metric h. The operators δ ′ ht , δ ′′ ht , ∂ ht ,∂ ht , θ ht , θ † ht can be defined via (D λ , h t ) and (D λ ′ , h t ), respectively, in order to distinguish them, we add the subscripts λ, λ ′ for these operator. Then by definition, we have
When |t| = 1, we arrive at∂
ht,λ =∂ ht,λ θ ht,λ = θ ht,λ ∧ θ ht,λ = 0, namely, h t is also a pluri-harmonic metric on (E, D λ ). Then by the uniqueness of pluri-harmonic metric, we have h t = c · h for some constant c when |t| = 1. Consequently, the morphism m (λ,t) sends a stable Higgs bundle ((E,∂ E ), θ) to another one ((E,∂ E ), tθ), namely, m (λ,t) is just the usual S 1 -action by t on M Dol (X, r).
For reader's convenience, we give the proof of the uniqueness of the pluri-harmonic metric here. One writes h t = h · s t , where s t is a self-adjoint endomorphism of E with respect to both h and h t .
It follows that
which implies D λ s t = 0. Therefore we obtain the decomposition of E into the D λ -flat subbundles as the eigenbundles of s t , however, (E, D λ ) is a stable, hence a simple λ-flat bundle, then s t has to be a scalar multiplication.
(5) One writes
is a unitary connection with respect to h. If one takes
we find that h is the pluri-harmonic metric both for the λ ′ -flat bundle (E, D λ ′ = td ′ E + d ′′ E ) and for the Higgs bundle ((E,∂ E + λ(1 − tā)θ † h ), aθ). Therefore, we get
If ((E,∂ E ), θ) is the fixed point of m (λ,t) , there is a C ∞ -automorphism g ∈ Aut(E) such that
, hence g is a holomorphic automorphism of (E,∂ E ), but this means that θ is zero.
4.2.
The First Variation. Let u = ((E,∂ E ), θ) ∈ M Dol (X, r) with the pluri-harmonic metric h, the tangent space of M Dol (X, r) at u is given by the first hypercohomology H 1 (End(E),θ) of the Higgs complex [22] End(E)θ Now we assume X is a compact Riemann surface. Consider the family u(s) := ((E,∂ Es ), θ s ) lying in M Dol (X, r) with parameter s such that u(0) = u and du(s) ds | s=0 = (α, β) ∈ H 1 (E, θ). The pluriharmonic metric for the Higgs bundle ((E,∂ Es ), θ s ) is denoted by h(s) with h(0) = h, and fixing λ, t, the pluri-harmonic metric for the λ ′ -flat bundle ((E, d ′′ Es =∂ Es + λ(θ s ) † h(s) ), d ′ Es = t(λ∂ Es,h(s) + θ s )) is denoted by h t (s) with h t (0) = h t , which yields operators δ ′ Es := δ ′ E,ht(s) , δ ′′ Es := δ ′′ E,ht(s) . There is an integral curve γ in M Dol (X, r) passing through the point u with tangent vector (α, β), the (λ, t)-action maps this curve to another curve γ ′ , we can study its local property at the point m (λ,t) (u) by calculating the first variation of the self-map m (λ,t) .
By Kähler identities, there is an isomorphism
Theorem 4.4. Assume the original point u and the parameters λ, t are chosen to satisfy h t = h, and assume
Proof. We write h t (s) = h t H t (s), and
, then choosing a local h t -unitary frame {e i } of E, we have
Taking derivative with respect to s and evaluating at s = 0 give rise to
which implies that
ht . On the other hand, from the pluri-harmonicity of h t (s), namely
Due to Proposition 3.2 in [5] , we have
The condition h t = h leads to
h , then by (4.1), since (α, β) is a holomorphic infinitesimal deformation, we have
for which applying the Kähler identities in Proposition 2.1 implies
ds | s=0 has to be constant. Therefore, from the calculation of d ds
Es,ht(s) )), the desired result immediately follows. 
is called a Simpson filtration if it satisfies the following two conditions:
• Griffiths transversality: ∇ :
X induced from ∇, is a semistable Higgs bundle.
Simpson proved the following nice theorem [27] . Theorem 4.6. Let (E, ∇) be a flat bundle over a smooth projective curve X.
(1) There exist Simpson filtrations {F • } on (E, ∇).
Simpson filtrations on (E, ∇), then the associated graded Higgs bundles (Gr F 1 (E), Gr F 1 (∇)) and (Gr F 2 (E), Gr F 2 (∇)) are S-equivalent. (3) (Gr F (E), Gr F (∇)) is a stable Higgs bundle iff the Simpson filtration is unique.
Definition 4.7. ( [18] ) Let X be a compact Riemann surface. A Higgs bundle ((E,∂ E ), θ) of rank r is called locally abelian if there is a discrete subset D ⊂ X such that ρ(x) = |T * x X Σ ((E,∂ E ),θ) | = r for any x ∈ X\D, where Σ ((E,∂ E ),θ) is the spectral curve of ((E,∂ E ), θ). Define D ((E,∂ E ),θ) = {x ∈ X : ρ(x) < r}, and call it the discriminant of the Higgs bundle ((E,∂ E ), θ).
Mochizuki proved the following asymptotic decoupling theorem [18] . Theorem 4.8. Let X be a compact Riemann surface with the Kähler metric g X . Let ((E,∂ E ), θ) ∈ M Dol (X, r) be locally abelian, and h t be the pluri-harmonic metric on the Higgs bundle ((E,∂ E ), tθ) for t ∈ C * . Then there exist positive constants C and ǫ such that the following holds on X\D ((E,∂ E ),θ) :
The self-map m (λ,t) provides a tool to study the Dolbeault moduli space. As an application, we give the following property.
Theorem 4.9. Suppose X is a compact Riemann surface. Let ((E,∂ E ), θ) ∈ M Dol (X, r) be locally abelian and be not stable as a usual bundle, then D ((E,∂ E ),θ) = ∅.
Proof. Let h be the pluri-harmonic metric for ((E,∂ E ), θ) ∈ M Dol (X, r), which produces flat bundles
Next we consider the limit lim
then by Mochizuki's asymptotic decoupling theorem, if D ((E,∂ E ),θ) = ∅, the limit lim λ→0 (E λ , ∇ λ ) is a decoupled Higgs bundle ((E,∂ E ), Θ, H) which splits into the orthogonal direct sum of Higgs line bundles over a small neighborhood of any point x ∈ X. By Simpson's Theorem 4.6, we find that lim
for some chosen non-zeroλ.
On the other hand, it is clear that
Since (E,∂ E ) is not a stable bundle, the limit is a complex variation of Hodge structure.
Lemma 4.10. The complex variation of Hodge structure is the fixed point of (1, 0)-action on M Dol (X, r).
is a complex variation of Hodge structure, then we have
i=1 ϑ i , and express
By virtue of the pluri-harmonic metric h on polystable Higgs bundle ((K,∂ K ), ϑ)) which makes the splitting K = k i=1 K i be orthogonal, one has a holomorphic flat connection
and then has a Simpson filtration
Comparing (4.2) and (4.3) yields a contradiction since our Higgs field θ is nonzero. Hence, we complete the proof of Theorem 4.9.
5. γ-Twistor Space 5.1. Construction of Twistor Space. Let X be a compact Riemann surface of genus g ≥ 2 with the underlying C ∞ surface denoted as X . The fundamental group of X is given by
The space of representations of π 1 (X ) into G = GL(r, C) is denoted by R(X , G) which contains a subspace R irr (X , G) consisting of irreducible representations, and then the Betti moduli space is defined as M B (X , G) = R irr (X , G)/G, the (geometric) quotient space of R irr (X , G) by the conjugate action of G. R irr (X , G) is an affine variety by the embedding
and M B (X , G) is a smooth quasi-projective algebraic variety.
Let M Hod (X, r) = λ∈C M λ Hod (X, r). When λ = 0, we have the analytic isomorphism µ λ :
given by the composition of the algebraic isomorphism M λ Hod (X) ≃ M dR (X, r) and the Riemann-Hilbert correspondence M dR (X, r) ≃ M B (X , G), where the first algebraic isomorphism is given by the map (E,
Since the subgroup Inn(π 1 (X )) of Aut(π 1 (X )) that consists of inner automorphisms of π 1 (X ) preserves the G-orbits on R irr (X , G), the outer automorphism group Γ X := Out(π 1 (X )) = Aut(π 1 (X ))/Inn(π 1 (X )) acts on M B (X , G). It is known that Γ X is isomorphic to the extended mapping class group π 0 (Diff(X )) = Diff(X )/Diff 0 (X ) that acts on the Teichmüller space T g (X ) of X . Then we can define the universal moduli space as
is defined as follows: for f ∈ Diff(X ) such that the equivalence class [f ] ∈ π 0 (Diff(X )) is nontrivial, there is a induced isomorphism
for x ∈ X such that [f * ] ∈ Γ X is nontrivial, the action of f on T g (X ) maps X = (X , I) to X ′ = (X , I ′ ) where I is a complex structure on X and I ′ is another complex structure induced by f , and the action of f * on M B (X , G) maps a representation ρ to another representation ρ ′ = ρ•f −1 * , thus the action of Γ X on T g (X ) × M B (X , G) sends (X, ρ) to (X ′ , ρ ′ ).
The space M Hod (X, r) has a natural fibration π :
λ . Therefore, we define an analytic isomorphism called Deligne isomorphsim
that covers the map C * → C * , λ → λ −1 . Now we can use this isomorphism d γ to glue together two analytic spaces M Hod (X, r) and M Hod (X ′ , r) along their open sets. The resulting space is denoted by TW γ (X, r) which is a fibration over P 1 , and we call TW γ (X, r) the γ-twistor space. Obviously, this construction is independent of the choice of representative of γ up to isomorphism. On the other hand, if we replace the isomorphism µ λ by the isomorphism ν λ in the above construction, then we can obtain another twistor space T W γ (X, r) which is diffeomorphic to TW γ (X, r).
Proposition 5.1. The γ-twistor space TW γ (X, r) is simply-connected.
Proof. It is well-known that M B (X , G) is irreducible and simply-connected. It follows from the long exact sequence
is simply-connected.
De Rham Sections and Preferred
Sections. The C * -action on M Hod (X, r) by t·((E, D λ ), λ) = ((E, tD λ ), tλ) can be extended to the entire twistor space. Indeed, define the C * -action on M Hod (X ′ , r)
The fixed points of C * -action lie in the fibers π −1 (0) and π −1 (∞) as the complex variations of Hodge structures. Let u = ((E,∂ E ), θ) ∈ M Dol (X, r) be a complex variation of Hodge structure, then define
gives rise to a smooth submanifold of M Dol (X, r). Another subvariety in M Dol (X, r) is defined as
which is also a Lagrangian submanifold with respect to a holomorphic symplectic form on M Dol (X, r) [5] . Moreover, the authors of [5] proved that W λ u is biholomorphic to Y u . The following Lagrangian property of W 1 u was first shown by Simpson [27] , and also obtained by the authors of [5] . We revisit it by twistor theory.
u is a Lagrangian submanifold with respect to a holomorphic symplectic form on M dR (X, r).
Hod (X, r) with the fixed λ 0 ∈ C * , we have a holomorphic section Proof. The normal bundle N s λ 0 of s λ 0 is given by the exact sequence 
X ′ ), which means that the transition function of the bundle N s λ 0 over P 1 is determined by
Hod (X, r) such that lim
Then by Kodaira's deformation theory [12] , every infinitesimal deformation is unobstructed, thus each element in H 0 (P 1 , N s λ 0 ) with λ = 0 as the zero point gives rise to a section s(λ) near s λ 0 such that s(0) = u. To take account into the limit of C * -action, we put α = 0. Therefore
On the other hand, it is known that the complex structure I and the I-holomorphic symplectic form ω C on M dR (X, r) are given by
hence ω C vanishes when restricted on W 1 u . Therefore, W 1 u is Lagrangian with respect to ω C . Remark 5.4. By Bialynicki-Birula theory, W 1 u is locally closed and isomorphic to an affine space. Moreover, in [27] , Simpson conjectured that W 1 u is closed in M dR (X, r) and produces a foliation of moduli space varying u, and this conjecture of rank two in the parabolic context was proved by the authors of [15] . However, as pointed out by Simpson, Y u is not closed in M Dol (X, r) in general. For example, if we take u = (E, 0) for any stable vector bundle E, then Y u = H 0 (X, End(E) ⊗ Ω 1 X ), the authors of [19] showed that Y u is closed in M Dol (X, r) if and only if E is very stable, i.e. there is no non-zero nilpotent Higgs field on E.
Example 5.5. (Deligne-Hitchin twistor space [25, 26] ) Let X = (X , I),X = (X , −I), then we have the complex conjugate map c : X →X, z →z, which lies in a nontrivial class in π 0 (Diff(X )), the induced action on π 1 (X ) is given by c * (α i ) = α
Deligne-Hitchin twistor space TW DH (X, r) is obtained by gluing M Hod (X, r) and M Hod (X, r) with the isomorphism d c . There is an antiholomorphic involution σ on TW DH (X, r) covering the antipodal involution λ → −λ −1 of P 1 . It is defined by gluing together antilinear isomorphisms i : M Hod (X, r) → M Hod (X, r) and i −1 : M Hod (X, r) → M Hod (X, r), where i is given by
By means of the pluri-harmonic metric h on ((E,
be a stable Higgs bundle with the pluri-harmonic metric h, then {((E,∂ E + λθ † h ), λ∂ E,h + θ)} λ∈C defines a holomorphic section of the fibration π : M Hod (X, r) → C, moreover this section is σ-invariant. By gluing construction, one obtains a σ-invariant holomorphic section of the fibration TW DH (X, r) → P 1 , and calls it the preferred section. Recently, the authors of [2] constructed σ-invariant holomorphic but not preferred sections P 1 → TW DH (X, 2) for g ≥ 2, which answered a question of Simpson [25] .
Hod (X, r), and assume it has a limit point
Proof. Actually, this property is an ingredient of the proof of Corollary 3.3, and can be proved by Theorem 5.12 in [23] and the separateness of moduli space as what Simpson has done in [24] . Now we revisit it by twistor theory. By assumption, we can assume the sequence
gives rise to a preferred section of Deligne-Hitchin twistor space. From the proof of Proposition 3.2, the sequence {((E,∂ i ), θ i )} has a limit point denoted by ((Ẽ,∂ ∞ ),θ ∞ ). It is known that the normal bundle of the preferred section is isomorphic to the bundle (O(1)) dim C M dR (X,r) over P 1 [10] . Hence we get a holomorphic section jointing ((E, d ′′ ∞ ), D λ ∞ , λ) to ((Ẽ,∂ ∞ ),θ ∞ , 0), this section must be σ-invariant since it lies in the closure of a σ-invariant subset. However, as pointed out by Simpson [25] , locally every σ-invariant holomorphic section is preferred, thus ((Ẽ,∂ ∞ ),θ ∞ ) = ((E,∂ ∞ ), θ ∞ ).
5.3.
Moishezon Twistor Spaces and Torelli-type Theorem. In this subsection, we will introduce the algebraic dimension for γ-twistor space based on [28] and obtain a Moishezon property for the Deligne-Hitchin twistor space, which generalizes a result of [1] to higher rank case. Following [3] , we will obtain a Torelli-type theorem for the γ-twistor space.
Definition 5.7. The algebraic dimension a(TW γ (X, r)) of TW γ (X, r) is defined as the transcendence degree deg tr Mer(TW γ (X, r)) of Mer(TW γ (X, r), where Mer(TW γ (X, r) is the field of global meromorphic functions on TW γ (X, r).
Proposition 5.8. a(TW γ (X, r)) ≤ 1 + dim C M dR (X, r).
Proof. By Lemma 5.3, the γ-twistor space TW γ (X, r) contains an ample rational curve (the de Rham section). Hence the algebraic dimension is bounded above by the complex dimension of TW γ (X, r) due to a theorem of Hartshorne [8] .
We can prove that the Deligne-Hitchin twistor space TW DH (X, r) is a Moishezon twistor space in the sense of Verbitsky (see Definition 4.9 of [28] ), which generalizes a result in [1] to higher rank case.
Theorem 5.9. The Deligne-Hitchin twistor space TW DH (X, r) is a Moishezon twistor space, that is, a(TW DH (X, r)) = 1 + dim C M dR (X, r), so there exists an open embedding of TW DH (X, r) to a Moishezon variety M such that Mer(TW DH (X, r)) = Mer(M ).
Proof. Let u = ((E,∂ E ), 0) ∈ M Dol (X, r) be a a stable point with the pluri-harmonic metric h. Then u produces a preferred section p : P 1 → TW DH (X, r), which coincides with the de Rham section determined by the flat bundle ((E,∂ E ), ∂ h ). Let {(α i , β i )} d i=1 be a basis of H 1 (E, ∂ h ) for d = 1 2 dim C H 1 (E, ∂ h ). Since (α i , β i ), i = 1, · · · , d, can be also treated as the infinitesimal deformations of λ-flat bundle ((E,∂ E ), λ∂ h ) for any λ ∈ C * , by unobstructed property, the infinitesimal transformations
for a i , b i ∈ C provide an open neighborhood P ⊂ M Dol (X, r) that contains the section p, which is biholomorphic to an analytic open neighborhood Q of the zero section of (O(1)) dim C M dR (X,r) over P 1 . It is known that Q is Moischezon (cf. Proposition 4.2 in [1] ). Since the Deilgne-Hitchin twistor space TW DH (X, r) is covered by preferred sections which are ample rational curves, together with Proposition 5.1, we can apply Verbitsky's holography principle (Theorem 3.4 in [28] ), which implies the result immediately.
Similar definition of Moishezon can be introduced for the γ-twistor space: Definition 5.10. An element γ of Γ X is called Moishezon if the algebraic dimension a(TW γ (X, r)) of the corresponding γ-twistor space is exactly 1 + dim C M dR (X, r).
We propose the following conjecture:
Conjecture 5.11. There is a unique Moishezon element in Γ X , that is exactly the equivalence class of complex conjugate.
In [3] , the authors obtained a Torelli-type theorem for the Deligne-Hitchin twistor space, such a property also holds for the γ-twistor space by applying their techniques: Theorem 5.12. Let X, Y be two Riemann surfaces with genus g ≥ 3. If TW γ (X, r) is analytically isomorphic to TW γ (Y, r), then either X ≃ Y or X ≃ Y ′ .
Proof. Let (TW γ (X, r)) C * ⊂ TW γ (X, r) be the fixed point locus under the C * -action. Then by Theorem 5.2, for an irreducible component Z of (TW γ (X, r)) C * , we have dim C Z ≤ 1 2 M dR (X, r).
In particular, by a result on the dimension of irreducible components of the nilpotent cone due to Laumon [14] and by a result of Simpson (Lemma 11.9 in [24] ), the equality holds if and only if either Z = M (X, r), the moduli space of stable bundles of rank r with vanishing Chern classes over X, or Z = M (X ′ , r). We have defined the C * -action on TW γ (X, r), which gives rise to a nontrivial holomorphic vector field on TW γ (X, r). By Corollary 3.4 in [3] , the restriction of the tangent bundle T TW γ (X, r) to M (X, r) or M (X ′ , r) has no non-zero holomorphic sections. Let ι(M (X, r)) ⊂ TW γ (Y, r) be the image under the composition M (X, r) ֒→ TW γ (X, r) ≃ TW γ (Y, r), hence ι(M (X, r)) is contained in (TW γ (Y, r)) C * , which implies either ι(M (X, r)) = M (Y, r) or ι(M (X, r)) = M (Y ′ , r). Then the conclusion follows from Theorem E in [13] .
